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Abstract—A fundamental challenge in machine learning and in other contemporary data mining methods
involves the generation of distance metric functions best suited to specific applied problems. This paper pres-
ents a systematic analysis of the potential for metrizing discrete topological spaces using lattice theory con-
cepts. Here we prove the theorem on the regularity and normality of the topological spaces emerging in rec-
ognition, classification, and numerical prediction tasks. The regularity of a set of precedents according to
Yu.l. Zhuravlev guarantees the normality of the topological space (T, separation axiom) and, consequently,
metrizability of the space. The corollaries of this theorem mean allow a researcher to perform a systematic
search for problem-oriented metrics that are most suitable for a given application.We also outline the most
promising directions for the future research, including (1) the transition from a lattice over the power set of
objects to a lattice of feature values and (2) the development of functionals for synthetic feature genera-
tion.This paper presents the results of the computational experiments that were conducted in order to evaluate
the proposed methods for generating and tuning the metrics used in engineering of the synthetic numerical
features.On a sample of 500 model problems (third-degree Boolean polynomials), the application of syn-
thetic features derived from the theorem’s corollaries improved the accuracy and generalization ability of
numerical prediction algorithms (the average rank correlation coefficient was 0.90 £ 0.04 on the training set
and 0.88 £ 0.03 on the test set).
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1. INTRODUCTION

Topological data analysis based on the topological
theory of pattern recognition [9, 10] is a promising
area in the formulation, analysis, and solution of the
machine learning problems. The application of the
powerful theoretical methods from topology, lattice
theory, and from several other branches of discrete
mathematics within the framework of the algebraic
approach developed by RAS Academicians Yu.l. Zhu-
ravlev and K.V. Rudakov enable a systematic search for
synthetic feature descriptions with maximum possible
information content relative to the problem under
study. Several key advancements have been achieved
within this approach, including rank optimization cri-
teria for numerical target variable prediction [8],
methods for constructing sets of precedents over sub-
stantially heterogeneous feature descriptions [9], and
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practical applications of chemograph theory in
chemoinformatics [15, 17], bioinformatics [7], mate-
rial science and solid-state physics [16], pharmacoin-
formatics [8, 9, 15], among others.

The generation of highly informative numerical
synthetic features is performed via the method of the
support functions [8, 9] or by using metric distance
functions (metrics) from the literature. The latter are
introduced as linear combinations of valuations on
Boolean lattices or by substituting those valuations
with specific functions and/or vectors [ 10]. A compar-
ative study of the proposed approaches across a series
of pharmacoinformatics problems demonstrated the
effectiveness of both the method of the support func-
tions and of the method of the metric-based synthetic
features [7].

Recall that the formalism of the topological data
analysis [ 10] operates with objects x from the set of ini-

tial descriptions N, of the objects X = {x,...,xy },
X c S, whose features are computed via functions
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I', :S —> 1, and their inverse preimage functions
I‘;' I, = 2% These generate a subbase of the topology

T(X) through the sets {I,' (T (x)}, k=1, .., n + 1,
where 7 is the number of features and / is the number
of target variables (I, (x)), f=n+ 1, .., n + [. The set of
precedents is defined as Q = @(X) = {D(x,)|x; € X},
D(x;) = (I'1(o;) % ... X T (x;) X ... X T, ,(x;)),. Under
the condition of the Zhuravlev’s regularity for the sets
X /Q (i.e., when the condition ¢~'(¢@(X)) = X) holds)
an isomorphic set of elements of the Boolean /attice

L(T(X)) is mapped to the topology elements T(X).
Consequently, the precedent relationship between the

values of the I';, (x) and 7th target variable, defined by
the set Q, corresponds to a set of pairs {({F;l(l“k (x)),

k=1, ., n}, F,_I(F,(x,-))), i =1, ., Ny}.This set is
mapped into the metric space of the feature values,
M, (L(T(X)), p1) being a certain metric, p; : L’ >R
In general there are m, p,-metrics (p,,, m =1, ..., my)
and the synthetic features are generated as function-
als over the set of p,, [7, 10].

From this perspective on the precedent relation-
ships and the generation of the most informative syn-
thetic features, a fundamental research problem arises:
whether all possible approaches to introducing p; -
metrics have been explored. Clearly, the use of even all
known metrics cannot exhaust the set of all possible
ones (not to mention the various approaches to gener-
ating p; ). The objective of the present work is a more
detailed study of this issue based on separation axioms,
Urysohn’s theorems, and metrization via Hilbert space,
as per scientific school of Kolmogorov [1].

2. SEPARATION AXIOMS
OF TOPOLOGICAL SPACES

A central issue in analyzing the properties of topol-
ogies T(X), their isomorphic lattices L(T(X)), and the
generation of metric spaces M, (L(T(X)),p.) is the
axiomatic system for the “separation” of topology/lat-
tice elements via specific “neighborhoods” of an arbi-
trary point x in the set X.The progressively more
stringent separation axioms T through T, describe the
separation of individual points, x € X, and elements
of T(X) (i.e., subsets of X ) by means of the neighbor-
hoods of the elements in T(X).

Recall that a neighborhood u of a point x € X in any
topology T(X) is defined as any set u € T(X) such that
x € u. A neighborhood u € T(X) is said to separate
pointsxandyif (x € u) # (y € u). Asubset, s < T(X),
is called a centered system of neighborhoods if the inter-
section of its elements is nonempty, that is, § # & (the
centered system of all neighborhoods of xe X is
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defined as $§(x) ={a e T(X),x € a}). The following
separation axioms are employed in the analysis of the
topological spaces ([3], p. 278):

* T, (Kolmogorov axiom): \/x,yu
X T(X)
(x€u) #(yeu),

T YxyqJuv:
X TX)
—(y € u),

* T, (Hausdorff axiom): \/ x,y 4 u,v : (x € u) A
X T(X)

(xeu) A (yev) A—=(xev) A

(yev)y Aunv=20)
* T; (Fréchet axiom): \/xY/vixevqu

X TX) TX)
(xeuwyn(ucv),

« T, (Normality axiom): ‘v’ u,v:.unv=
T(X)
0= Ju,vi:@cu,vcv)A@ny=0).
T(X)

The axioms Ty—T, are necessary conditions for the
existence of the corresponding metric spaces. Specifi-
cally, when the T, axiom is satisfied (which is guaran-
teed by the regularity of X) the lattice is distributive
(moreover, it is Boolean). Consequently, the intro-
duction of so-called isofone valuations v[] allows for

the construction of p, -metrics of the type p(x,y) =
vixvyl — vix Ay], x,ye T(X) thereby forming a
metric space M (L(T(X)),p) [3, 11].

3. ON THE NECESSARY AND SUFFICIENT
CONDITIONS FOR THE METRIZATION
OF TOPOLOGICAL SPACES

Every metric space is normal [1]; thus, the T, con-
dition is necessary for an arbitrary topological space to
be metrizable. In the case of continuous spaces,
metrizability implies the homeomorphism of the study
space to some metric space. In the case of discrete
spaces, metrizability signifies the existence of at least
one metric applicable to the entire space. The question
of whether the T, condition is sufficient for the
metrizability of a topological space is addressed by

Theorem 1 (Urysohn’s First Metrization Theo-
rem). A topological space with a countable base is metriz-
able if and only if it is normal.

The proof of this statement is provided in [1]. It is
conducted via Urysohn’s embedding theorem (“Every
normal space with a countable base is homeomorphic
to a subset of the Hilbert cube”). To prove the metri-
zation theorem, it is assumed that: (1) the points of the
Hilbert space are all possible infinite sequences of real
numbers with a convergent sum of squares; (2) the
Hilbert space is metrized as a Euclidean space with an
infinite number of dimensions (Euclidean space of
any dimension, as well as the Hilbert space, are spaces
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with a countable base); and (3) the “fundamental par-
allelepiped” (or “Hilbert cube”) consists of all points,
t, t, ..., t;, ..), satisfying the condition 0 < ¢, < 1/2",
Note that the formulation of Theorem 1 [1]
imposes only two constraints on the topological spaces
under consideration: (1) the existence of a countable
base and (2) the satisfaction of the T, axiom. Since the
topology T(X) of the space (X, T(X)) has a finite sub-

base, {F;l(l“k(x))}, k=1, ..,n+ 1, the base of the space
is countable. Accordingly, by Theorem 1, the satisfac-
tion of the condition is sufficient for the existence of a
metric over the elements of T(X) and L(T(X)). Natu-
rally, in the case of discrete spaces, metrizability does
not imply the stringent condition of homeomorphism
(continuous isomorphism), but rather the embedding
(injective mapping) of the discrete space (X, T(X)) into
some metric space.

Consider the condition T}, that postulates the exis-
tence of disjoint neighborhoods for arbitrary elements
of T(X) from the perspective of lattice theory. Indeed,
by construction, the set of elements of T(X) for a reg-
ular X is isomorphic to the lattice L(T(X)). The oper-
ation of taking a neighborhood, (), (or v,(v)) of an
arbitrary point, u € T(X) (or v € T(X)), corresponds
to movement upward along a certain bundle of chains
(i.e., from {0}, the zero element of the lattice L(T(X)).
The absence of overlap between neighborhoods « and
v signifies movement along two distinct bundles of
chains in the L(T(X) lattice, that do not share a single
common lattice atom (i.e., an element from X).

Then, the absence of overlap between neighbor-
hoods, u,(«) and v,(v), in the T, condition corresponds
to the existence of at least two chains without common
atoms within the bundles of chains, ({0}, u,(«)) and
{0}, v,(v)). For this to hold, it is sufficient that the
neighborhood y,(u) differs from u by at least, one atom
u(u)\u, v,(v) from v also by at least one atom,
(v;(v)\v), provided that these two atoms are not iden-
tical.

Thus, the satisfaction of the normality condition
(T,) is reduced to establishing the presence of certain
chains within the lattice L(T(X)), which indicates the
need for a joint analysis of the topological space T(X)
normality and the Zhuravlev’s regularity of the set X.

4. NORMALITY OF T(X)
AND ZHURAVLEV’'S REGULARITY OF X

It must be emphasized that the axioms, T,—T,,
apply to arbitrary topological spaces formed over both
discrete and continuous spaces X . The sole distinction
between discrete and continuous topological spaces
that is important for the satisfaction of separation axi-
oms is the difference between “open” and “closed”
sets. In the case of continuous spaces, this distinction
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is fundamental and necessitates evaluating each of the
T,—T, axioms independently; notably, for the normal-
ity of T, it is sufficient to satisfy the T, and T; axioms
(which also implies T,). Conversely, in discrete topo-
logical spaces, the property of openness is not of fun-
damental significance. According to Alexandrov [1,
2], all sets in such spaces are “closed-open,” (or “clo-
pen,” according to J. Munkres). In the discrete case,
the relationship between the T,—T, axioms is substan-
tially simplified, as demonstrated in the following the-
orem.

Theorem 2 (On Regularity and Normality). 7he
Zhuravlev’s regularity condition for X is satisfied if and
only if the separation axioms T,—T, hold for the discrete
topological space (X, T(X)), excluding some boundary
cases caused by the finiteness of the set X (where the sum
of the cardinalities of the lattice elements exceeds
|X| -2).

Proof. It was proven in [11] that the T, axiom holds
for T(X) when the Zhuravlev regularity condition for
the set X is satisfied. In this case, T(X) is a discrete
topological space (i.e., it is isomorphic to the power

set 2% , the set of all subsets of X), for which the T,, con-
dition also holds.

Note that the formulations of the axioms T,—T;
include both points (elements of the set of initial
descriptions of objects X ) and elements of the topol-
ogy T(X), whereas the formulation of T, includes only
elements of the topology T(X). The points, elements
of T(X), and their neighborhoodsoutlined in the axi-
oms T,—T, are all chain elements of the lattice
L(T(X)), the set of the elements of which is, by con-
struction, isomorphic to the topology T(X) (when reg-
ularity condition holds). Since T is satisfied under the
condition of regularity, the minimum difference
between any two elements of an arbitrary chain in the
discrete space (X, T(X)) is exactly one point, that is,
an element X, which uniquely corresponds to a single
atom of the Boolean lattice L(T(X)).

If an element of L(T(X)) and its neighborhood dif-
fer by more than one lattice atom, any chain in the
Boolean lattice L(T(X)) between the element and its
neighborhood includes all “intermediate” sets; and
any two adjacent elements in this chain differ by
exactly one lattice atom. In other words, under regu-
larity condition in the Boolean lattice L(T (X)), as in
the discrete space (X, T(X)), all combinatorially pos-

sible chains of the power set 2% are represented.
Hence, for any two atoms in L(T(X)) (i.e., points in
T(X)), we can find disjoint neighborhoods, which
implies that T, is satisfied.

The definition of T, implies that disjoint neighbor-

hoods are provided for any two disjoint sets in T(X).
Since the set X is finite by definition, a neighborhood
Vol. 36
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u(u(x)) of a neighborhood u(x) in an arbitrary ele-
ment x € L(T(X)) cannot differ from x in cardinality
by less than two atoms. Accordingly, for all
ye L(T(X)), y # x, under regularity condition, the
neighborhood v,(v(y)) of the neighborhood v(y) does
not intersect with u (u(x)) if and only if |ul(u(x))| +
[v\(v(»))] < [X|. Under this condition, which excludes
boundary cases, for any two x,ye L(T(X)),
x Ny =0, the condition T, is satisfied (again, due to
the regularity of the X). It follows from the satisfaction
of T, T, and T, that T, alsoholds, which means that
all separation axioms are satisfied for all lattice ele-
ments (except for some boundary cases), which proves
necessity.

Let us prove sufficiency. Suppose that the T, axiom
is satisfied, but the lattice L(T(X)) over the topology
T(X) is not Boolean, meaning it does not represent all
combinatorially possible chains, including all sets that
differ by exactly one atom. Then, there exist lattice ele-
ments whose minimal adjacent neighborhoods differ
by more than one atom. Let the closest neighborhood
u(x) for this element x € L(T(X)) be such that |u(x)| —
Ix| > 1. Consider any set y € L(T(X)) that contains at
least one atom from u(x)\x and does not intersect x.
Then, even if the condition ¢ (u(x)) U v(v(y)) c X
holds, there is no neighborhood for y in a non-Bool-
ean lattice L(T(X)) which does not intersect the neigh-
borhood u(x); thus, the T, axiom is not satisfied. Con-
sequently, for T, to hold (subject to the boundary cases
outlined above), the lattice must be Boolean, and the
topological space is discrete, which implies the satis-
faction of the Zhuravlev’s regularity. The satisfaction
of T, guarantees the satisfaction of the axioms T,—T5.
This completes the proof of the theorem.

Corollary 1. The normality of T(X) (the Boolean
property of L(T(X))) implies the existence in L(T (X))
of chains of minimal size (in terms of the number of
atoms) connecting any two elements a,b € L(T (X)).

We move along the lattice from set a to set b by
sequentially removing or adding individual lattice
atoms. To traverse such a path, it is necessary to
remove all elements of @ not contained in b (a\b) and
add all elements of b not contained in a (b\a). Clearly,
the removal of |a\b| points from a corresponds to mov-
ing along a chain from the lattice element a to the ele-
ment a/\b, while addition of h\a| points corresponds
to moving from a/\b to b. The Boolean nature of
L(T(X)) guarantees that for each of the |a\b| steps from
a to a/\b and for each of the |p\q| steps from a/\b to b,
the corresponding element (a centered system of
neighborhoods of the set a/\b is represented in the lat-
tice. Furthermore, any two adjacent neighborhoods
differ by exactly one element (Stone’s Theorem, see
[3, 16]), which ensures the minimality of the path
when measured by the number of atoms (which cannot
be less than |a\b| + |b\a| atoms).
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Corollary 2. The distance between any two ele-
ments a,b € L(T(X)) is computable as the length of
the shortest path (by the number of atoms) connecting
a and b.

The path length in atoms can be calculated, for
instance, using the functional |a\b| + |b\a| derived from
Corollary 1. It must be noted that this specific func-
tional corresponds to the symmetric difference metric
(Fréchet—Nikodym metric) and represents a particu-
lar case of parametric metrics based on lattice valua-
tions, which were analyzed in detail in previous papers
[7—11].

Corollary 3. Assume that each atom contributes
equally to the numerical estimation of the length of an
arbitrary path between a and b. Then, any functionals
defining the distance in L(T(X)) based on the shortest
path can be represented as linear or quasi-linear com-
binations of functions of the elements a, b, and a/\b.

According to Corollary 1, the shortest path (by the
number of atoms) from a to b in L(T(X)) passes
through two bundles of chains, {(a/\b, a) and {a/\b, b),
that is, from a via a/\b to b. Since the contributions of
all atoms to the path length valuation are identical, the
total valuation is computed by adding the numerical
valuation of any chain path in the bundle {a/\b, a)
(which is a function of a/\b and a) to the path valua-
tion of any chain in {a/\b, b) (a function of a/\b
and b), and then multiplying this sum by the atomic
contribution. This path length computation process
may employ parametric (tunable) functions of a, b,
and a/\b.

Corollary 4. Assume that the contribution of each
atom to the numerical estimation of the path length is
individual, while the order of atom removal/addition
in the sets a\b and b\a does not matter. Then, the
functionals that compute the distance in L(T(X)) as
the shortest path length (by the number of atoms) are
representable as the sum of functions of the atoms that
form the set aAb.

Any two adjacent neighborhoods of the set a/\b
differ by exactly one atom. The length of a single-atom
path segment is defined as a function of that specific
atom. Accordingly, the total path length can be repre-
sented as the sum of the lengths of the “single-atom”
segments belonging to aAb.

Corollary 5. Assume that a specific order for the
removal/addition of atoms within the sets a\b and b\a
is defined (i.e., particular chains are selected from the
bundles {a/\b, a) and {a/\b, b)). In this case, all func-
tionals that compute the distance in L(T(X)) as the
shortest path length by the number of atoms are repre-
sentable as a combination of functions of atomic
sequences from the set aAb (i.e., lattice chains).

Recall that the notation “{a/\b, a)” refers not to a
single chain, but to a bundle of chains originating at
a/\b and terminating at a. Each chain of this bundle in
a Boolean lattice L(T(X)) is characterized by an iden-
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tical atomic length equal to |a\b|. Note that the number
of these chains is very large in a Boolean lattice, and
the number of possible paths between a and b is even
greater (la\b|! - |p\a|!). Nevertheless, all atoms forming
the paths from a to b are present in the symmetric dif-
ference set aAb, so when the order of atom
removal/addition is postulated as discernible during
the transition from a to b, the numerical valuation of
the path length will depend on the subsequences of
atoms from aAb. A specialized selection of functions
for these atomic subsequences and their combination
methods is required to satisfy the symmetry axiom of
the metric (p(a, b) = p(b, a)).

Corollary 6. All boundary/edge cases in which the
T, condition is not satisfied despite the validity of the

regularity condition are characterized as x,y € T(X) :
x|+ |y > [X| - 2.

This is evident due to the necessity of the exis-
tence of neighborhoods for finite, nonoverlapping x,
y from T(X).

Corollary 7. Under the condition of regularity, the
set Xsatisfies the Ty = T,= T;= T, separation axioms.

This assertion, which is obviously not valid for any
continuous topological spaces, is quite natural for the
discrete topological spaces.

Corollary 8. The regularity of the set X is a neces-
sary and sufficient condition for the topological space
(X, T(X)) to be metrizable.

This follows from Theorem 1. In other words, the
introduction of p; metrics is possible only in the Bool-

ean lattice L(T(X)).

Corollary 9. Given the regularity of the set X, the
topological space (X, T(X)) is compact.

For a space to be compact (or bicompact, to use the
terminology of P.S. Aleksandrov), it is necessary and
sufficient that a centered system of neighborhoods
s(x) exists for every point x € X, and that every such
system has at least one common cluster point (see p.
260 in [2]). The regularity condition guarantees the
existence of a centered system of neighborhoods s(x)
for each point x € X. Alternatively, in accordance with
the theorem on normality and compact spaces (see
Theorems 15 and 15', p. 262 of [2]), compact spaces
are essentially sets that can be embedded into normal
spaces. According to the proven theorem on regularity
and normality, the regularity of X implies the normal-
ity of (X, T(X)) and, consequently, the compactness
of the topological space (X, T(X)).

5. ON THE COROLLARIES OF THE THEOREM
ON NORMALITY AND REGULARITY

The most significant result of the preceding expo-
sition is the Theorem 2, corollaries of which allow us
to systematically formulate various methods for defin-
ing metrics for a specific applied problem. A detailed
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analysis of each of the corollaries of this theorem is of
practical interest.

Let us recap the line of reasoning we have just fol-
lowed. The set of pairs {({F;l(l“k(x,-)), k=1, .., n},

F;I(F, (x;))), i =1, ..., Ny} produces, in necessary suc-
cession, a topology T(X), a lattice L(T(X)), and ulti-
mately the metric space of the feature values,

M, (L(T(X)), p.), through the metric p, : L’ >R
According to Theorem 2, Zhuravlev’s regularity
(¢~ '(@(X) = X)) guarantees normality and conse-
quently the metrizability of the topological space
X, T(X)).

Nine corollaries emanate from the Theorem 2. It is
evident that Corollaries 1, 2, and 6—9 mostly belong to
the realm of theory. Corollaries 1 and 2 establish the
existence within the Boolean L(T(X)) of the minimal
paths between any two elements of L(T(X)) (the sub-
sets of the set X), such that distances between those
elements are calculable as lengths of these paths. Cor-
ollaries 6—8 establish the inner necessity of the theo-
rem’s validity, acknowledging the countability—
indeed, the inherent finiteness—of the lattice L(T(X))
and the fulfillment of the requisite separation axioms.
Corollary 9, in turn, foreshadows a further inquiry into
the notion of the compactness within the landscape of
the possible discrete topological spaces.

Conversely, Corollaries 3—5 of Theorem 2 point
toward certain practically feasible methods for gener-
ating metric distances over a discrete topological space
(X, T(X)). Moreover, all functionals from Corollary 3
clearly represent a special case of the functions from
Corollary 4, which, in turn, represent a special case of
the functions from Corollary 5. It is a practical analysis
of the Corollaries 3—5 Theorem 2 that constitutes fur-
ther outline of this paper. These practical conclusions
have already been tested through the computational
experiments described in last section of the paper.

6. DISTANCES BASED ON FUNCTIONS
OF SETS (COROLLARY 3)

It is assumed in this corollary of Theorem 2 that
every atom of the lattice contributes an identical mea-
sure to the numerical estimation of an arbitrary path
between sets a and b. From this follows the represent-
ability of (metric) functionals that determine the dis-
tance between sets within the lattice L(T(X)) as
(quasi-linear) compositions of functions of the form
f : L(T(X)) — R acting upon the elements a, b, a/\b.
The calculation of these distances may employ para-
metric (tunable) functions of sets. Must p; metric
according to Corollary 3 be tunable (we designate it as
PLw Where W is the vector of weights), the adjustment
of these weights may be achieved through iterative
methods, such as stochastic optimization, or via pro-
cedures similar to the method of least squares. As in
Vol. 36
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previous studies, we discuss three approaches to the

formulation of p, ;: (1) distances on sets, (2) distances
on functions, and (3) distances on vectors.

7. DISTANCES ON SETS
ACCORDING TO COROLLARY 3

In the theory of sets, the most important function
of a set is the cardinality of this set, f(a) = |a|. Recall
that the cardinalities of all other sets derived from the
application of the set theory operations upon a and b,
a,be L(T(X)) (difference, symmetric difference,
complement) are reducible to linear combinations of
the cardinalities of a, b, a/\b, and X (for instance,
|la\/bl = la| + [b] — |a/\b, laAb| = |a\/b| — |a/\b| = |a/b] +
|b/al = la| + |b] — 2la/\bl, |@| = |X| — |a|, among others).

In the case of f(a) = |a|, the metrics of Corollary 3
encompass all known semiempirical distances on sets
[4], including those predicated upon valuations ana-
lyzed in detail in previous studies [10, 15, 17]. The uni-
formity of the object weights in Corollary 3 renders
cardinality the sole functional of the form
f : L(T(X)) = R (since all others are merely linear
transformations that are products of the cardinality for
a chosen weight value uniform to all objects). There-
fore, the corresponding definitions of p; reveal them-
selves as compositions g;(|a|) o g,(|p]) o g(|a/\b]) o ...,

where g, g,, g are functions of the form g, : R" > R.

The specific forms of the functions g;, g,, and g3, as
well as their compositions, are best determined by
analyzing the known expressions of the p;-metrics.
An analysis of all such known metrics [13] reveals that
(1) the known p; are all fractions (19 of 20 are thus
defined, while the Sokal—Sneath-4 distance is a sum
of 4 fractions and is thus reducible to a common
denominator); (2) all numerators of these fractions are
linear combinations of the cardinalities of sets a, b,
a/\b, their complements a, b etc., their pairwise
products or square roots thereof; (3) the denominators
of these fractions are structurally similar to numera-
tors and may further include components such as the
minimum or maximum of |a| and |b| (Simpson and
Braun-Blanquet distances), the product |d||a||5| |b| or
square root of this product (distances of Pearson,
Gower-2, and Sokal—Sneath-4 in their reduced form
[4], |X]?> (dispersion distance and image difference dis-
tance).

For arbitrary a, b € L(T(X)), we define the alpha-
bet of cardinalities A(a,b) = {1, |al, |b|, la/\b|, |a\/b|,
laAb, |a/bl, b/al, |al, |allal...} such that the Cartesian

product Az(a, b) encompasses all elements of A(a,b)
(including unity) and all pairs of elements within

b

A(a, b). Let A2(a, b) denote a vector containing the
products of the components of each element in the set
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A%(a,b
Az(a, b). Let the vector w,, € R‘ ( )‘ correspond to

the weights assigned to the elements of this alphabetic
square.

Then, the generalized distance function between
arbitrary sets a, b is represented as a fraction with a
numerator and a denominator of the aforementioned
types—that is, as a ratio of quadratic polynomials over

the alphabet of cardinalities, p.g(a, b) =
W AzAz (a,b) /W'AzAz (a,b), w being a concatenation
(W A2 \Tv'A2 ). In particular, we may employ tunable lin-
ear combinations of the established distances on sets.

When this form p,(a, b) is integrated into syn-
thetic features I';.(x;) (see below), we have to confront
the high computational complexity arising over »n fea-

tures that command no fewer than ‘Az(a, b)‘" terms in
both numerator and denominator. Hence, even for a
modest number of the features #, it is a dictate of prac-
tical reason to utilize alphabets A(a,b) (numerator)
and B(a,b) (denominator) of minimal dimensional-
ity—preferentially, single-element alphabets.

Through a sequence of elementary derivations
involving the summation of fractions in the analytical
expression for the synthetic features I';..(x;) of an arbi-
trary object x; (see below), it can be shown that for sin-

gle-element alphabets A(a, b), B(a, b) the weights W A2

and \TV'A2 collapse into a single constant. Thus, the only
remaining mode of tuning this metric is the calibration
of weights for the kth value of each feature and the zth
percentile of the reference chain. This result was pro-
duced below in this paper, albeit through a far less
cumbersome method via the direct generation of syn-
thetic features using entire reference chains (the so-
called “wskz-metrics,” see below).

8. DISTANCES ON FUNCTIONS
ACCORDING TO COROLLARY 3

When using the concept of a “reference chain” A,
[7—9], corresponding to the rth target variable with
domain I,, each set a € L(T(X)) is mapped to a set of

values I'y(a) = {I',(x), x € a} and corresponds to an
empirical cumulative distribution function (ECDF)
D)L (a) = sup[{B c T(@)|VBe B:B<x)|/[l (),
x € R (abbreviated, é)Ft(a)); the corresponding prob-
ability density function is denoted as (f)I‘t(a)). The
application of ECDFs allows the function of set a, as

referenced in Corollary 3, to be represented as ﬁ)Ft(a)

thereby enabling the evaluation of the distance d
between sets a and b as the distance between their
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respective ECDFs ﬁ)Ft(a) and <i>l“t(b), that is, p; g =
dy (®I'(a), PI'(b)).

The fact that (i)Ft(a) and dADI‘t(b) are ECDFs
defined as monotonically increasing functions nor-
malized to the interval [0...1]) and moreover are
homogeneous (sharing the identical domain 1,), sig-
nificantly facilitates the formulation of the distance

functions d;. For homogeneous é)rt(a) and é)Ft(b),

the distance d, is typically formulated as an area-ana-
logue, represented as a functional over the point-wise
distances between the functions for each x € 1; that is

over the array of differences d®(x, t,a,b) = ﬁ)(x)l“t(a) —
qs(x)l'}(b), xe I,. Consequently, the Kolmogorov max-

imal deviation is defined as max {|d®(x,?,a,b)|}, while
the Cramér-von Mises distance is given by

zxa’d)(x,t,a,b)z, and the Kruglov distance by

z w(d®(x,t,a,b)), where w(x) denotes a weight
function corresponding to the vector w.

The tunable distance d; can also be formulated
within the probabilistic framework using the probability
density functions p, = (f)I‘ {(a)andp,= (T)l“t(b), including

the Zolotarev distance zx w(x)(p(x) — p,(x)), the
“clarity” distance (1 — Z:x(p1 Inp, + p,Ilnp, —
(p+py)n w(x)), the
(ZX pow(p, /pz)), and the Burbea-Rao divergence

ZX(O.Sw(pl) + 0.5w(p,) — w(0.5p, + 0.5p,)), among
others [4]. It must be noted that the Zolotarev and
“clarity” distances incorporate weights for individual
values x € I, representing a specific case of distances
according to the Corollary 4 (individual object weight-
ing). The Csiszar, Burbea-Rao, and Kruglov distances
correspond to an “intermediate” case of distances
according to the Corollary 4 (see below).

Csiszar  f-divergence

In general, all the known distance measures dj
between ECDFs [4] in corporate (1) aggregation over
I,, the domain of the rth target variable (typically via
summation or supremum); (2) aggregation of differ-

ences d®(x,t,a,b) or density functions qA)I‘t(a) and
(T)I‘t(b); (3) weighting schemes defined either for spe-
cific values x € I, or for functionals of d®(x,t,a,b),
&)Ft(a), and (i)l"t(b). When summation over x € I, is
employed as the sole aggregation method, “universal”

distance functions between ECDFs can be con-
structed as linear combinations over an alphabet of

operations  {w(x)dD(x,t,a,b), w,(dD(x,t,a,b)),
wiOOOT (@), Wi (B),  ws(@(OT (a)),

We(@OT (b)), w1 (®(x)T (@) + &(x)T,(h))}. Given the
absence of quadratic terms relative to this operational
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alphabet in existing distance formulations (except
pnp, and p,In p, terms in the “clarity” distance), a
linear combination of known ECDF distance func-
tions with weights tuned independently for each func-
tion is equivalent to a “greedy” optimization algorithm
for weight parameters.

9. DISTANCES ON VECTORS
ACCORDING TO COROLLARY 3

Each set can be mapped to a vector, allowing for
the definition of a distance metric within a vector
space into which the vectors over L(T(X)) are embed-
ded. In this scenario, there is an evident multiplicity of
methods for vector construction, particularly con-
cerning the selection of the computational approach
for vector components.

A method was proposed in [7, 9, 10] for defining
the vector components of elements in L(T (X)) as lists
of the parametric valuation values. In this framework,

for a given v, [a] € R o ¢ L(T(X)) and a set of valu-
ations  (estimates) v,, a vector V,[a] =

(Vg [a],ve, [a], .., v, [a]...), o, €@, vy lale R™ is
defined for an arbitrary set a; subsequently, the dis-
tance between a and b is defined as the distance

between vectors v, [a] and V,, []. The utilization of the

parametric estimates of the form v[a] = p, (a, b) sig-
nificantly expands the repertoire of the available “vec-
tor” metrics. However, this introduces the challenge
of evaluating the “Informativeness” of such vectors
(with respect to a target variable or the degree of align-
ment between the metric and expert judgment). Gen-
erally, methods for generating vector descriptions to
determine distances between elements of L(T(X))
according to Corollary 3 require a more systematic
treatment based on the lattice formalism of the topo-
logical theory of the pattern recognition.

10. DISTANCES BASED ON INDIVIDUAL
ATOMIC WEIGHTS DISREGARDING
THE ORDER OF ATOMS (COROLLARY 4)

In accordance with the Corollary 4 of Theorem 2,
the contribution of each atom to the numerical esti-
mation of the path length between sets a and b is indi-
vidual, and the precise sequence of the atom removal
and/or addition within the symmetric difference aAb
(specifically a\b and b\a) is neglected. Then, the func-
tionals that compute the distance in L(T(X)) as the
minimal path length by the number of atoms are rep-
resentable as a commutative composition (e.g., a sum-
mation) of functions over the atoms comprising the
set aAb.

It is appropriate to examine this corollary within
the context of two extreme cases and one intermediate
scenario. The first extreme case is trivial as the lengths
Vol. 36
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of single-atom path segments are uniform across all
atoms (equivalent to the cardinality calculations in
Corollary 3). In the second extreme case, an individ-
ual numerical distance estimate is assigned to each
atom, which is actually proposed by Corollary 4. In
the intermediate scenario, identical numerical dis-
tance estimates are assigned to specific groups of
atoms within the collection § = {s;, $,..., s},
S < L(T(X)).

In practical applications, these “path length” esti-
mates for each atom can be computed externally to the
current topological framework (e.g., within labeled
graph theory, combinatorial feature generation on
symbolic sequences, or various language models).
These lengths may also function as tunable parame-
ters, each corresponding to a specific object within the
training set. Accordingly, the entire training set struc-
tured as a subset of elements, chains, and antichains of
the lattice L(T(X)) is required for computations
involving an arbitrary test object.

In the intermediate scenario, individual numerical
distance estimates are assigned to a collection S of
defined groups of atoms, §' = {s, s,..., 5|5}. And for S,
the necessary solvability condition must be satisfied
(T-criterion [16]): the collection .§ must ensure a cov-
erage of the set X. Since the membership of a single
atom in several groups would introduce ambiguity in
path length assignment, the coverage .S must consti-
tute a partition—specifically, a factor group over X.

The requirement for the set S'to be a factor group of
Xraises a fundamental theoretical question: does there
always exist a set of features (either primary or syn-
thetic) that partitions X into such groups? A brief anal-
ysis of the implications of Stone’s representation the-
orem as applied to the lattice L(T(X)) [11] definitively
demonstrates that for a Boolean lattice (i.e., under a
regular X), the answer is always affirmative. Conse-
quently, the primary practical challenge lies in over-
coming the combinatorial complexity involved in con-
structing such groups. This complexity can be miti-
gated, for instance, by defining a target variable and
subsequently selecting “more informative” feature
values. For an antichain representing a collection of
nonoverlapping target classes in L(T(X)), the exis-
tence of a partition is naturally guaranteed. Similarly,
for a chain corresponding to a numerical target vari-
able, the existence of a partition is also guaranteed
(e.g., via percentile-based discretization).

The practical implementation of distances accord-
ing to Corollary 4 depends on whether the distance
function is computed over sets a, b € L(T (X)), func-

tions ®T,(a), ®T,(b) or over a set of some vectors,
Vo lal, Vo [8].

When defining distances according to Corollary 4
over the sets a and b, it is expedient to replace the set

cardinalities in the formulations of these metrics (e.g.,
Fréchet—Nikodym, Sokal—Sneath, Tversky, etc.) with
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the sums of the weights of their constituent atoms.
Thus, any nonparametric distance function on sets is
transformed into a parametric form, p,, where the
weight vector w is determined by the path length con-
tributions of individual objects.

In distance measures on the functions ﬁ)(x)Ft(a),

QAD(x)I‘t(b) generated by the rth target (reference)
chain, the abscissa of these functions corresponds to
the values of I')(x;), such that the objects x; can be
ordered monotonically along this axis according to

their T, (x;) values. All known functional distances
except the Kolmogorov—Smirnov maximal deviation
metric incorporate a summation over x € I, of the dif-

ferences d®(x,t,a,b) or the density functions (f)I‘t(a)

and qA)l“t(b). Consequently, provided that the set X is
regular with respect to the th variable (there is no two

identical T, (x), x € X), an isomorphism is defined

between the sets X and {I', (x), x € X} and the weights
of individual objects can be integrated into the sum-
mation over x € I, resulting in the parameterization of
the respective distance functions.

For instance, assuming the regularity of X with
respect to I',, the Zolotarev distance already consti-

tutes a metric parameterized in accordance with Cor-
ollary 4 of the Theorem 2, in which the weight vector

w is represented as a weighting function w(x). If the
regularity of X with respect to I, is not satisfied, this
must be accounted for in the definition of w(x)

by normalizing relative to the number of objects for
eachxe I,

The definitions of the distances over vectors v, [a],

V. [6] involve summation over coordinates of various
functions of the corresponding jth components of the

vectors Vlallj], V.[b]l/j] (difference, absolute differ-
ence, power of difference, minimum, etc.). Occasion-
ally, normalization is applied using another similar
functional, such as the sum of jth component models,
sums, etc. Within these constructs, it is inherently
impossible to directly account for the weights of indi-
vidual objects. However, if vectors v, [a], V,[b] are
constructed specifically as estimation vectors (see the
metric case according to Corollary 3), replacing set
cardinalities with sums of object weights during esti-
mation enables the derivation of parameterized vector
metrics according to Corollary 4.

It must be noted that proving metric properties for
distance functions derived according to Corollaries 3—
5 constitutes a distinct line of inquiry for each specific
function. Regarding Corollary 4 distances, if the met-
ric properties of a similar formulation have been
proven for the case of uniform contributions (Corol-
lary 3), the proof for each specific distance functional
form can possibly be conducted via operations on the
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mean lengths of single-atom segments. In any event,
the analysis of the triangle inequality can be per-
formed using combinatorial methods, as demon-
strated previously [11—13].

11. DISTANCES BASED ON INDIVIDUAL
ATOMIC WEIGHTS SUBJECT
TO THE ORDER OF ATOMS (COROLLARY 5)

In accordance with the Corollary 5, the sequence
of atom removal or addition is defined for the sets a\b
and b\a, which determine the two chains of the short-
est path between sets a,b € L(T(X)). In this frame-
work, metrics for the Corollary 5 must satisfy two con-
ditions: (1) they are sought as combinations of func-
tions over sequences of atoms from the symmetric
difference aAb and (2) the distance values from a to b
and from b to a must be equal to satisfy the symmetry
axiom of a metric. This case is pivotal for analyzing
algorithms within nonsymmetric categories of map-
pings (sensu Rudakov [6]), i.e., those where the pre-
sentation order of objects is significant.

Given the extreme combinatorial complexity of the
Boolean lattices L(T(X)), where the number of maxi-
mal chains equals the factorial |X| and the number of

subchains is even greater: X! + Z Cy) it is expe-
m

=2,X|
dient for Corollary 5 functionals to consider the short-

est possible atom subsequences.

Practically feasible functionals are those intro-
duced by analogy with the Markov chain concept and
correspond to sequences of two atoms. Within the
analogy, each atom represents a sort of a “state” of a
finite-state automaton. The preceding atom in the
chain corresponds to the “prior state,” while the Mar-
kov transition matrix defines the “probability” of the
transition between the atoms (which, in this context,
relates to the numerical estimate of the 1-segment
length between two atoms). This matrix also aligns
with the definition of p,; via an expertly defined p .
Similar to the “intermediate” scenario distances
according to Corollary 4, when atom groups are intro-
duced (each corresponding to an element of the Bool-
ean lattice, i.e., a feature value), such a quasi-Markov
transition matrix is constructed for pairs of corre-
sponding groups rather than individual atom pairs.

12. ON THE SELECTION CRITERIA
FOR PARAMETER VALUES
IN TUNABLE METRICS

The fundamental challenge in tuning the metrics
pLw generated under Corollaries 3—5 lies in the selec-
tion of an objective function (quality criterion) appro-
priate to the problem domain, the optimization of
which facilitates the adjustment of the weight parame-
ters W. The most intuitive and the practically effective
approach is the metric alignment paradigm, where
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weight values w are tuned to match the values of a spe-
cific “expert” (reference) metrics, defined either
through case-based information or via expert assess-
ments [9, 17].

However, again from a practical standpoint, this
method does not apply to p; -metrics due to the con-
spicuous absence of any reasonable case-defined ref-
erence values within the topological space (X, T(X))
and the lattice L(T(X)). Indeed, defining certain
“expert” distances between sets of L(T(X)) through a
set of precedents would require evaluating the contri-
bution of each feature value to the classification of an
object. This information is typically absent from the
training set, except in rare low-dimensional cases
where actual experts could have provided direct indi-
vidual assessments of such distances.

Consequently, two avenues for further research
remain: (1) maintaining the metric alignment para-
digm by identifying a space that can allow a researcher
to introduce reliable expert metrics (other than the lat-
tice L(T(X)) or (2) operating within the lattice
L(T(X)), to find functionals suitable for tuning the
weight of w.

The first option involves transitioning from the fea-
ture-space distances (M, (L(T (X)), p_) to object-
space distances within the lattice of feature values. The
second option is limited either to the definition of an
“informativeness” or of a “metric quality” functionals
(with subsequent maximization of the latter) or to the
introduction of specialized synthetic features I';.(x;)
enabling the direct tuning of p;; based on I';.(x;) val-
ues. In effect, this corresponds to the implementation
of some “primitive” predictive algorithms for the #th

variable, which is in fact the functions I'; .(x;).

13. ON THE TRANSITION FROM LATTICE
STRUCTURES TO OBJECT-SPACE DISTANCES

In accordance with the theory of the feature value
classification [11, 14], the formal description of the
object x; € X, D(x;), corresponds to representing any
object’s feature-based description as a collection of

sets {F;l(l"k(xi))}. The metric p, measures the dis-
tance between elements of L(T(X)) (i.e., sets

F;l(l"k(xi)), etc.). These sets represent either object
classes (including target variable classes) or corre-

spond directly to feature values. When a given p; is

applied to pairs of sets, (F;l(l“k(x,)), F;l(l"k(xj))),
from the descriptions of objects x; and x;, this approach
implies a particular form of an estimation of the dis-
tances (or dissimilarities) between the objects them-
selves.
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Thus, within the practical framework of the metric
alignment problem, a transition is required from dis-

tances p; to object-space distances p,(D(x;), D(x;)),

Oq - Q2 — R". This transition enables the application
of strictly formalized methods for introducing expert
metrics, such as cut metrics (in classification tasks),
metrics based on object class compactness estimates,
Zhuravlev’s estimation algorithms, and object similar-
ity measures derived from case-based information or
domain-specific expert criteria. Furthermore, numer-
ical prediction tasks are reducible to classification
problems [15].

Given the complexity of constructs such as

0,(D(x;), D(x,)), there is an evident necessity to tran-

sition from the lattice L(T(X)) over the power set of
objects to a lattice of feature values. This transition
constitutes a distinct avenue for further theoretical and
experimental research, including the search for func-

tionals p, most relevant to the problem at hand. A piv-
otal approach to generating p,, involves applying p, ;; to
pairwise corresponding elements of sets D(x;), D(x;)
based on operations over the distance array
Lo (T (T (), T (T (x,)))} followed by the tuning
of the weight vector w. The approach with synthetic

k'th features described below can also be interpreted as
a method involving the implicit computation of a

“latent” metric p,.

14. ON THE EVALUATION OF A “QUALITY”
OF THE DISTANCE/METRIC

Outside the metric alignment paradigm, tuning

metrics p 4 over the elements of the lattice L(T(X))
becomes feasible if a computational method for evalu-

ating an “informativeness” or “quality” of the p;; can
be defined relative to a 7th (numerical) target variable
using a set of precedents.

Consider each object ¢ = D(x), x € X. For a set of
precedents, O, and given weights, w, we can compute

the distance sets G(x;, ?) {pLW(I‘;'(Fk(xi)),
AT} and Gy(x, 0 = {pra(T Tx)),
X\F,_'(F, (x;)))}. The general idea of metric quality
criterion optimization is to select W such that a certain
functional of the distance collection G,(x;, f) is mini-
mized, while a functional of G,(x;, f) is maximized for
each x € X.

However, this research scenario faces at least five
fundamental challenges.

1. Identifying the “best” in a sense functional form

for the functional of sets G(x;, 1) and G,(x;, ) to be
optimized.
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2. Determining the “best” combination of the
functionals of G,(x;, ) and G,(x;, f) within the Infor-
mativeness criterion for an individual object D(x;).

3. Establishing the “best” method for aggregating
“informativeness” estimates across the training sample.

4. Computational complexity as the evaluation of
the functional requires quadratic time due to the large
number of objects.

5. The inapplicability of ordinary least squares
(OLS) type procedures for finding a global extremum,;
instead, iterative procedures are required, such as sto-
chastic local optimization with multistart initializa-
tion.

15. FEATURE GENERATION SCHEMES
USING INDIVIDUAL REFERENCE
CHAIN CLASSES

The criterion for tuning the metric weights, p; 4,
can be based on specialized forms of synthetic fea-

tures, I',.(x;), which facilitate the tuning of pg
according to the values of the #th target variable.

Let the #th variable in L(T(X)) correspond to a ref-
erence chain A, partitioned into »_ percentiles defined

by a subset v={Aj,A;, Ay, A A, C 1, of the
domain I, such that the zth percentile of objects is
described by the sets 1",;1 = {x|A,_, <((x)<A,)and
r(T,).

To describe an object x;, we define a set of distances,
Gi(%, 1 D) = e (Te(x)), T, k =1, ., n),
thereby determining the ECDFs, ért(r,;‘) and
CiDGl(xi, t, z), their mathematical expectations,
adr, (I ,;1), AdG (x;, 1, z), standard deviations and
other ECDF cases. For the zth percentile of distance

in the set, distance collections G|(x;, t, z) characterize
the proximity of the elementary feature value classes of

object D(x;) described by F;l(l“k(x,-)) functions of the

object class F,‘Z'. The expectation ﬁti)I‘t(F;z') effec-
tively defines the mean value of the rth variable for

objects within class T,

The above constructs enable the generation of syn-
thetic features, I',.(x;), K > n + [, based on linear and
other functionals that evaluate I',(x;) by the distance

sets G,(x;,1,2), 2= 1, .., n,. The ECDFs ®G,(x,, 1, 2),
z =1, .., n, can be ordered using various methods.
Under any ECDF ordering scheme, the more “left-

ward” is the position of éDGl (x;, t, 7) relative to other z
values the greater contribution of ﬁ(iDFt (1",;1) to
I';(x;). The criteria for ordering the functions oYea (x;,
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t, ) can vary from quite simple (e.g., by values of

ﬂﬁ)Gl(x,, t, 7)) to various techniques for projecting
pairwise distances between ECDFs onto a straight
line.

Specifically, when ordering ®G,(x;, 1, z) by the
expectation values of ﬁﬁDGl(xi, t, 7), the expression

11— ﬁﬁ)Gl(xi,t, z) evaluates the contribution to the
estimate of the rth variable of the feature value dis-

tances I, (x;) to the zth percentile. Thus, I';.(x;) can be
estimated by summing over percentiles:

Te(x) = Y (1-AdG(x,1,2)) AT (T,
z=Ln, (1)
z=1L...n,.
If necessary, the values ﬂﬁ)Gl(xi,t, z) are normal-
ized to the maximum value:

(%)
= > (109G (x,.1, 2)/max_pz) AbT (), (LD

z=l,n,
max_[z = max(ﬁt(i)Gl(x,-,t, 2)).

By employing alternative schemes for ordering and
aggregation over z, other promising functionals for
synthetic feature generation can be derived.

It is evident that functionals of type (1) for generat-
ing synthetic I',.(x;) facilitate the direct tuning of
I',(x;) on the basis of the values of the target rth vari-

able I', (x;), x; € X. This effectively corresponds to the
introduction of specific Zhuravlev recognition B-oper-
ators as analogs of the regression formula (although in
the construction of a numerical prediction algorithm,
the actual regression is performed over the synthetic
features, i.e., via a Zhuravlev corrective C-operator).
A significant advantage of these linear functionals lies
in the ability to find the weights W using an analytical
OLS-type procedure, which generally identifies the
global extremum (see below).

16. FEATURE GENERATION SCHEMES
USING COMPLETE REFERENCE CHAINS
RATHER THAN INDIVIDUAL
CLASSES (PERCENTILES)

Computational experiments conducted in [7, 10]
demonstrated that “metric” features based on individ-

ual values of the features I' (x;) are not very informa-
tive. At the same time, synthetic features based on
ECDFs (¢(x)0a(x;, p) in [10]) showed somewhat bet-
ter “informativeness” and generalization capability,
yet remained constrained by the definition of “refer-
ence” object classes, i.e., certain specific elements of
the chain A,, which makes it somewhat arbitrary. The
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latter observation also applies to the features I'; .(x;) of
the type (1) suggested above—because the introduc-
tion of percentiles implies the integration of an addi-
tional parameter of the functional for calculating

I'; (x;): namely, the number of percentiles #,. Is it pos-
sible to define synthetic features based on the enfire-
reference chain A, without relying on only some refer-
ence classes for a specific chain partition (z-percen-
tiles)?

With this formulation in mind, distance functions
on the lattice are constructed as functionals of the
complete chain A,, along with certain estimates of the

relationships between sets ' (x;) and each element of
the reference chain. In this context, two complemen-
tary approaches for identifying the distance function
are possible: (1) selecting (or ranking) the most infor-
mative elementary k-features of » available and (2)
making each k-feature as much informative as possible
through special parameterization.

17. SELECTION/RANKING OF INFORMATIVE
ELEMENTARY FEATURES USING
COMPLETE REFERENCE CHAINS

This approach implies the need to select the most
informative features (or feature values) for the task.
For the numerical prediction of the rth variable, the
most promising approach for evaluating some sort of
“informativeness” is to split, based on the feature
value T, .(x;), the feature chain A, into two sub-chains
corresponding to the value of the feature and all other
values. This method was first proposed in [11] and
subsequently developed and validated in [7, 9, 10].

In brief, each of the two sub-chains is associated
with its respective ECDF, denoted as cdf, (x;) and
cdfy (x;). Then the distance d, between the cdfy (x;)

and the cdf,(x;) (e.g., the Kolmogorov—Smirnov
maximum deviation or the Cramér—von Mises dis-
tance) quantifies the contribution of the feature value

I',(x;), to the 7th variable. A small distance df(cdf,z (x),
cdf, (x;)) implies a small contribution or a “low infor-
mativeness” of the feature. The difference {icdf, (x;)—

(cdf, (x;) evaluates the feature’s contribution to the
tth variable on average across the sample. Accordingly,

I, (x;) is defined by summing across features (repre-
senting the difference between the expectations of
cdfy(x;) and cdfy(x;) weighted by the distance d));
that is,

Ie(x) = Z df(CdftZ(xi):Cdfr;(xi))
k=Ln 2)
x (fledfy(x;) — fiedfy (x)).
Vol. 36
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Thus, each variant of d,with a fixed set of weights
w = (w,) yields a single synthetic feature of type (2).

18. MAXIMIZING THE INFORMATIVENESS
OF ELEMENTARY FEATURES USING
COMPLETE REFERENCE CHAINS

The problem of predicting the rth variable is treated
within the developed formalism so that the reference
chain A, and its individual elements are used to gener-
ate problem-oriented object classes and metrics. Spe-
cifically, when a reference class u € A, is specified, the

ECDF of this set Ci)l“t (u) can be computed. Consider-
ing the entire reference chain A, rather than the indi-
vidual reference sets allows for the generation of
descriptions for each value of the kth feature in the
form of a one-dimensional (generally nonmonotonic)

function via a given metric p, -

Let a metric p;; be specified. For each ', we
define a set of pairs Py(A;5) = {(Ay, pm(l“;l(kkﬁ),
I ), b= 1, ., [}, Ay € 1. In particular, for n,
percentiles of the function T;'(A,), the values are

defined as F,_ZI, z=1, .., n,. Consider the set Pk(lkﬁ) as
a substitution for some function such that Pk(kkB) is
mapped to a real-valued, continuous, everywhere-dif-
ferentiable function of a single argument x, f(P.(A B>
x), which approximates the distances to the elements
of the chain A, based on the substitution P(A,p).

The argument x of the function f(P,(A4), x) rep-
resents the values of the rth variable embedded in an

interval of the real line [A,...A; |. In practice, it is con-

venient to define f(P,(A3), x) based on P,(A,5) using
a Fourier expansion or an expansion over a different
basis in the Hilbert space of real-valued functions.

Thus, specifying p, ; allows for a mapping between
an arbitrary feature value ', of any type (e.g., Bool-
ean) and a continuous function f(Pk(KkB), x). All func-
tions f(Pk(kkB), X) are homogeneous, that is, they are
characterized by identical domains and codomains.

The description of an object ¢ = D(x;) by a set
(“bundle”) of functions P(x;) = {f(P.(T'y(x;)), x), k=
1, n} is the most complete representation of the prece-
dent-based data. Indeed, this description reflects all
distances from all I'; (x;) feature values to all elements
of the chain A, while the vertical line I, (x;) fixes the
target variable values for the object. Precedent-based

learning is formulated as follows: given a metric p,
with parameters (w,) and a method for evaluating the

correspondence between the data of the bundle P(x;)
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and the scalar T, (x;) across all objects. It is necessary
to find the parameters (w,) to maximize the corre-

spondence of the entire bundle P(x;) (or each individ-
ual f(Py(Ayp), X)).

The most natural evaluation method is the maxi-
mization of the correspondence between each func-
tion f(Pk(kkB), x) in the bundle P(x;) and the value

I, (x;); i.e., solving the problem:

(w,) = argmin

w

Y (argmin F(B(T (), 9 T, ()’

k=l,n

(3)

%

It is evident that the argmin operation is not easily
representable in matrix form, except perhaps as a
Boolean matrix of factorized x values. The separation
of variables intended to isolate the weight column is
not feasible within such a matrix; this also precludes
the application of OLS-type procedures for determin-
ing the weights (w,) corresponding to the global mini-
mum of the functional in expression (3).

A possible solution to (3) is to introduce individual
weight sets for each value of k (and z if a partition into
n, percentiles is employed), that is, w,[k, z]-tunable
metrics (hereinafter referred to as “wskz-metrics”).
In other words, a specific calibration of a given metric

p.w to measure distances from each kth feature

(to each F,_zl for each percentile, if applicable). To
achieve weight separation, a specific functional form
of the metric must be introduced. For instance, weight
separation is straightforward in the case of Zolotarev
metrics an “clarity” metrics, among others.

19. ON INFORMATIVENESS ESTIMATION

Assume that for all g € Q, a k'th synthetic (numer-
ical) feature is defined across all objects g. We need to
estimate the informativeness of this feature relative to
the #th target variable. It is proposed in [10] to estimate
the informativeness of the k'th variable relative to the
tth basis on the null hypothesis of their independence;
which is reduced to measuring the distances between
the empirical cumulative distribution functions
F,./(x,y) and F,.(x)F,(y) using functions d, or statisti-
cal tests. To estimate such measure of informativeness,

several quality estimation functionals for tuned met-
rics can be calculated based on distance measurements

between the sets F;’(Fk.(x ) and 1",_1(1“, (x;)).

By treating the k'th and #th variables as two proba-
bility schemes (in the terminology of Kolmogorov and
Khinchin), it becomes possible to calculate literal
informativeness as the difference between the infor-
mation content (Shannon entropy) for the joint distri-

bution of probability H,., and individually for each
variable H,. and H,. If the k£'th and #th variables are
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independent, H,.,, = H,. + H, whereas when they

interdependent, H, ., < H,;. Thus, an estimate of inter-
dependence is provided, for example, by the func-

tional H, — H, .,.

20. OLS-TYPE PROCEDURES
FOR T',. WEIGHT TUNING

If a metric p; tuned via a weight vector W = (w,)
allows for separation of variables, the global optimum
of the weights for I';.(x;) can be computed using Ordi-
nary Least Squares (OLS). Separation of the variables
implies that the procedure for calculating ', can be
represented in matrix form as Y,. = Zw, where Y,. is

the vector of I';. values for all x; € X, |Yk,| = X, and
matrix Z of dimension X - |W| reflects the method of

computing I',. from case-based data and weights w.

Let Y correspond to a column of the information
matrix in the case-based data (to the values of the 7th

variable for numerical prediction). Then Yk. =Y isthe

correctness condition for I'y., such that finding W
requires solving the equation Y = Zw . The solution to
this equation, based on minimizing the squared resid-
ual, is given by W = (ZTZ)_IZTY. Thus, to apply OLS,
we must define the matrix Z for a synthetic feature

I',(x;) under consideration.

For [p(q) =2, | (1-AdGi(x ,1,2)AdT(T7)
the calculation of the elements of matrix Z according
to formula (1) becomes feasible upon choosing a spe-

cific functional form for p,,. For instance, in
Zolotarev and “clarity” distances, weights of

((1 - Zx(pl Inp, + pyInp —(p + p,)In W(x))) val-
ues appear as multipliers x € I, for functionals of

QAD(x)I‘t() or dA)(x)I‘t(a). Therefore, for these two met-

rics, Py, the elements of matrix Z for I',.(x;) under (1)
can be represented as sums over k (features) and z
(percentiles).

In the case of Kruglov, Csiszar, and Burbea—Rao
distances, the expressions for p, ; contain nested terms

(such as w(®x)I, (a) — D(x)I, (b)) in the Kruglov dis-
tance); consequently, reduction to matrix OLS is
hardly possible without specifying a particular form of
the function w(). This function can be represented as a
piecewise-linear, polynomial (including those with
monotonicity constraints), or Fourier approximation,
for which the variables become separable.
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21. STOCHASTIC OPTIMIZATION

Tasks are formulated within the developed formal-

ism to find the optimal weights W of the p,; metric
either (1) by a specific informativeness/quality func-
tional, or (2) through special forms of synthetic fea-

tures I, .(x;) tuned according to the I',(x;) values. In
the absence of a global minimum attainable via OLS-
type procedures, the only practical alternative with
acceptable computational complexity is a procedure
such as multistart stochastic optimization [15]. It pro-
duces a cycle of correcting weights within the time, lin-
ear by the number of objects, required to calculate
weight adjustments using analytically defined deriva-
tives for each weight (w,) or their numerical esti-
mates. The final weight tuning algorithm consists of the
following 8 steps including pass across the sample of
objects.

0. Define methods for calculating p, i, I';(x;), and

the synthetic feature of I'; (x;).
1. Initialize the starting weight values, W = (w,, w,);

2. Compute the I,.(x;) values with the current
weights (w,) (and (w,)) if applicable.

3. Calculate analytically or numerically 9T ,.(x;)/dw,
for each s.

4. Calculate the informativeness of the k'th feature
(as d;(F ., (x, ), E(x)E(y)) or H, — Hy.).

5. Assess convergence (on the training and valida-
tion sets); if informativeness is improved compared to
the previous step, record the current (w,) (and (w,)) as
the “best” weights.

6. Update the weight values for each object x; using
the gradient and a multiplier of the gradient (of the
chosen “learning rate”).

7. Repeat from step 2 if there is no convergence and
the maximum number of iterations has not been
reached.

The selection of initial values for may be random,
with equal weights, or zero-initialized. The multistart
procedure is based on conducting stochastic optimiza-
tion cycles from random points sampled in the vicinity
of the specified initial values [15].

22. EXPERIMENTAL TESTING
OF THE PROPOSED METRIC
GENERATION METHODS

Experiments were conducted using simulated data-
sets for numerical prediction. The feature descriptions
of the objects consisted of the vector X = (x;) of Bool-
ean features (n = 50). The numerical target variable
was computed using a third-degree Boolean polyno-

mial B(X) = Zizonzj:OnZ/:OnW”’xix/x" x =1,

with randomly selected weights wy, a correction
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transformation corr(B(X)), and a stochastic compo-
nent. The latter was a random error not exceeding 20%
of the absolute values of corr(B(X)), that is, 0.2 ran-
dom()-corr(B(X)).

A total of 500 simulated datasets were generated
with random weights and correction transformations
selected at random from a list of elementary algebraic
functions. Preliminary experiments demonstrated that
this variety of simulated data provides a much more
rigorous test for the proposed algorithmic constructs
compared to particular datasets from the areas of
pharmacoinformatics, chemoinformatics, or bioinfor-
matics [8, 9, 17].

Following the methodology outlined in [10], per-
centiles of the target variable (tertiles, quartiles, quin-
tiles, septiles, and deciles) were used as reference

classes c,. Synthetic features I';.(x;) were generated
using all methods listed in [10] (pm(ca,l“zl(l"k(xi)),

ECDF-features qA)(x)pma(x,-, p) for various x, etc.), and
selection was performed by the B-algorithm [10, 15].
The total number of synthetic features was 7562 for
n=>50.

Metrics based on single- and two-element alpha-
bets A(a, b) and B(a, b) were employed as the distances

p,, derived from Corollary 3 of the regularity and nor-
mality theorem in conjunction with 65 well-known
distance functions for sets, vectors, and ECDFs [4].

In accordance with Corollary 4, the p,, distances
included Zolotarev and “clarity” distances with indi-
vidual object weights. Furthermore, Kruglov, Csiszar,
and Burbea—Rao distances corresponding to the
“intermediate” cases of Corollary 4 and wskz-metrics

were used for individual (kth) features I',(x;). The p,4
metrics were tuned using OLS procedures for weights

based on the values of synthetic features I',.(x;) gener-
ated by formulas (1), (1.1), and (2).

Note that, when partitioning the target (7#th) chain
into either two halves or quartiles for given k and z, the
wskz-metric takes only two values (which is expected
because the kth feature is binary, i.e., 0 or 1. Therefore,
wskz-metrics over the target #-chain are of interest pri-
marily when there is sufficient diversity in the kth fea-
ture values. If the kth feature ensures regularity, the
OLS matrix Z will likely correspond directly to the

original feature description via the functions I, (x;).

To evaluate the informativeness of the resulting

synthetic features I';.(x;), the following were
employed: (1) functionals based on distances between

the sets F;v'(l"kv(xi)) and Ft_l(l"t (x;)), such as the cor-
relation coefficient, normalized standard deviation,
etc.; (2) various forms of d, functions to measure dis-
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tances between the ECDFs F,.,(x,y) and F,(x)F(»);
and (3) the literal informativeness based on the Kolm-
ogorov—Khinchin probability schemes, defined as the
functional H, — H, .,.

The values of the numerical target variables over

the sets of the synthetic features I', .(x;) were predicted
using multilayer neural networks (2 to 10 layers) with a
softmax activation function, as well as various polyno-
mial structures (over 20 formulations, including
quasi-polynomial models with elementary functions).

The sampling operator C was implemented using 10-
fold cross-validation, with each dataset split into 50%
for training and 50% for validation.

The experimental studies were conducted in two
stages. In the first stage, various methods for evaluat-
ing “informativeness” of the generated synthetic fea-
tures were assessed across all generated synthetic data-
sets. In the second stage, the most suitable informa-
tiveness estimation methods were employed to select
the most informative features for predicting the model
target variables.

Calculations of various methods for estimating
informativeness of the generated synthetic features

Te(x;) using ECDF-features

O(X)Pme(x;, p) derived from nonparametric p,, metrics.
The numerical modeling experiments revealed that
most of informativeness estimation methods actually
formed two adjacent clusters; the distance between
their centers corresponded to a difference in correla-
tion coefficients of approximately 0.15 (Fig. 1). In
constructing this figure, the components of each vec-
tor represented informativeness values calculated for
each synthetic feature generation model across all
500 datasets. The distance between any two vectors
was evaluated using pairwise correlation coefficients
as (|1 — r|). The distance matrix was then projected
onto a plane using multidimensional scaling (MDS);
the abscissa and ordinate axes correspond to the latent
coordinates resulting from this procedure.

The first cluster (one on the left in Fig. 1) included
6 points corresponding to d, in the form of the Kolm-
ogorov—Smirnov metric (maximum deviation, at the
center), to standard deviation, to d, in the form of von
Mises distance, and the literal informativeness H, —
H,.,. The second, denser cluster consisted of 12 points

with d, corresponding to the Rényi distance located at
its center.

were performed

Since clusters 1 and 2 are adjacent and cluster 1
contains the actual informativeness estimate in the
formof H, — H, ., all d ,.-metrics (except for Anderson
distances, the engineering metric, and the correlation

coefficient /(T';.(x;), I',(x;)) can indeed be considered
as some estimates of the informativeness. In this con-
text, the Anderson distance and the engineering met-
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Fig. 1. Correlation distances between vectors corresponding to different methods of assessing the informativeness of synthetic

numerical features.

ric align with the axes of the metric diagram, while the
point representing the correlation coefficient is
located in the upper right-hand corner of the diagram.
Thus, among all studied informativeness evaluation
methods, only five yield more or less independent esti-
mates including (1) Kolmogorov—Smirnov metric,
(2) Rényi metric, (3) correlation coefficient, (4)
Anderson distance, and (5) engineering metric.

In the second stage, experiments were conducted to
predict the values of the target variables, which involved
tuning metrics according to Corollary 4 using synthetic
features (formulas (1), (1.1), and (2)) and selecting the
most informative features by the B-algorithm [10]. The
Kolmogorov metric (maximum deviation) was used as
the informativeness measure to generate the most infor-
mative sets of synthetic features on the studied data sam-
ple. The subsets of the synthetic features were selected
using the B-algorithm [10] (Tables 1, 2). ECDF-features
constructed from valuation metrics proposed in previ-
ous papers were the most frequent components of these
informative sets (43% of all informative features). Nota-
bly, all distance functions in the uppermost part of
Table 1, including the evaluation metrics, are metrics on
sets according to Corollary 3 (Faith, Simpson, Fréchet—
Nikodym, and Yule (q) distances).

At the same time, among the most informative syn-

thetic features I',. (Table 2), those based on the
Zolotarev distance occurred most frequently (37.5%).

PATTERN RECOGNITION AND IMAGE ANALYSIS

These features correspond to the distances derived
from Corollary 4, calculated by formula (1) and tuned
using the OLS procedure. Other highly informative
I',. features frequently included those calculated by
(1) using distances of Motyka (8.6%), Lp-metrics
(3.9%), Pearson (3.9%), and Anderson (3.3%) rather
than ECDF-based features.

It is noteworthy that the Zolotarev distance was
dominant among distances from Corollary 4 tuned via
(1). Specifically, I',. based on tuned Kruglov, Csiszar,
and Burbea—Rao distances did not exhibit signifi-
cantly higher quality over the entire set of the tests. In

the tests conducted on Boolean polynomials, T'.
based on the Zolotarev metric proved to be the most
informative in 80% of cases.

Synthetic features generated by formula (2) and
formed by splitting the target chain A, into two sub-

chains using each I', feature, followed by the applica-
tion of the Kolmogorov metric, were the most infor-
mative in only 1.3% of the datasets. Nevertheless, the
use of these features remains promising due to their
low overfitting (i.e., minimal discrepancy between
error rates on the training and validation sets). Fur-
thermore, the choice of the d, function for weight cal-
culation in (2) does not appear to be of significant
importance.
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Table 1. Examples of synthetic features commonly found
among informative features. % indicates the percentage of
model samples in which a feature was informative. ECDF
refers to ECDFfeatures of the type &)(x)pma(x,, p) [10] for
various x values ((0.1, 0.2, 0.3, etc.)

Distance function Type T %
Valuation v,, ECDF 43.0
Faith ECDF 6.4
Simpson ECDF 2.8
Fréchet—Nikodym ECDF 2.6
Yule (q) ECDF 2.5
Zolotarev From (1) 2.3
Valuation v,, From (1) 2.2
Gower ECDF 2.0
Russell—Rao ECDF 1.6
Lp metric ECDF 1.5
Oesterreicher ECDF 1.4
Sokal—Sneath-4 ECDF 1.4
Brown ECDF 1.3
QO ECDF 1.2
Bhattacharyya-3 ECDF 1.2
Tverskoy 1/0.5 ECDF 1.0
“Claritiy” ECDF 0.8
Dispersion From (1) 0.8

Opverall, for the datasets studied, the combined use
of synthetic features based on Corollary 3 metrics and
features based on Corollary 4 metrics—tuned via OLS
procedures—facilitated a reduction in overfitting and
enhanced the performance of the numerical predic-
tion algorithms (Table 3).

23. CONCLUSIONS

Based on the analysis of necessary and sufficient
conditions for the metrization of discrete spaces (X,
T(X)) over the set of initial descriptions of objects X, a
theorem was formulated and proven, providing a cor-
respondence between the regularity of the case-based
set @(X) and the normality of the lattice L(T(X)). The
corollaries of this theorem facilitated the formulation
of several previously unexplored approaches to metri-
zation, including metrics over alphabets of cardinali-
ties (Corollary 3), tunable metrics (Corollary 4), and
constructs accounting for the order of atoms (Corol-
lary 5). Promising avenues for further research have
been systematized, including: (1) transitioning from
a lattice over the power set of objects to a lattice of
feature values (enabling systematic investigation of
inter-object metrics); (2) identifying promising func-
tionals for synthetic feature generation; (3) develop-
ing methods for generating vector descriptions to
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Table 2. Examples of synthetic features that come first
among informative features. % indicates the percentage of
model samples in which a feature was informative

Distance function Type [, %
Zolotarev From (1) 37.5
Sokal—Sneath-4 ECDF 10.5
Motyka From (1) 8.6
Lp metric From (1) 3.9
Pearson From (1) 3.9
Anderson From (1) 33
Evaluation v, ECDF 2.0
Kruglov ECDF 2.0
von Mises From (1) 2.0
Evaluation v, From (1) 2.0
Kosoe From (1) 1.3
Kolmogorov ECDF 1.3
von Mises From (1.1) 1.3
Kolmogorov From (2) 1.3
Zolotarev ECDF 0.7
“Claritiy” From (1) 0.7

Table 3. Experimental validation of the formalism on syn-
thetic problems featuring third-degree Boolean polynomi-
als. Rank correlations between experimental and calculated
values. r is rank correlation coefficient on the training set; r,,
is rank correlation coefficient on the validation set. The val-
ues of r and r, were averaged across 500 synthetic datasets

Experiment r I,
Synthetic T'.(x;), corrector: | 0.57 £0.25 | 0.24 £0.29
neural network (2 layers)

Synthetic T';(x;), corrector: | 0.59 £031 | 0.24 £0.30
neural network (10 layers)

Synthetic T';.(x;), polyno- 0.93 £0.12 | 0.86 £ 0.23
mial. corr., Corolllary 3

Synthetic T'.(x,), polyno- | 0.90 £ 0.04 | 0.88 +0.03
mial. corr., Corolllaries 3 + 4

determine distances between elements of L(T(X));
and (4) representing feature values of arbitrary types
(including Boolean) as continuous functions. Com-
putational experiments demonstrated the potential of
the proposed methods for metrizing the topological
space (X, T(X)) and for generating highly informa-
tive synthetic features. Overall, the application of the
proposed feature generation and metric tuning pro-
cedures resulted in an enhanced generalization abil-
ity of numerical target variable prediction algo-
rithms.
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